Abstract -This article presents the results of experimental and finite element analysis of mistuned free vibration of bladed disk models. Blade-to-blade variations of bladed disk assemblies result in local zoning of vibration modes as well as amplitude magnifications, which primarily reduces the high cycle fatigue life of turbomachines rotors. Geometrical mistuning and other types of mistuning were investigated to determine the level of these mode localization effects depending on various vibration parameters of a bladed disk. The main objective was to determine the order of mistuned blades in the bladed disk, leading to the largest and smallest change in vibration characteristics. Obtaining dependencies are important for following researches in this field, in particular, for calculating the fatigue life of the real bladed disks.
The high performance bladed disks used in today's turbomachines must satisfy strict standards of the resonant response level. Mistuning is one structural characteristic that can significantly impact this level. Therefore research of vibration behaviour of mistuned bladed disks is a very relevant task. Mistuning has been an active area of research for the past more than 40 years. Whitehead and Ewins were first [14, 5] . Subsequent investigations are connected with following well-known names: Wei and Pierre [16] , Griffin [6] , Sinha [12] , Srinivasan [13] and others. Irretier and Schmidt [7] first presented the finite element model for the free vibration of mistuned bladed discs. In this method, the triangular element for the calculations for a simple geometry system was applied. A full survey of mistuning studies in 25 years (79 papers) from 1-st paper about this phenomenon (Whitehead, 1966) was given by Ewins [5] . The main purpose of his survey was to classify all different studies of mistuning. In addition to the above-mentioned studies, let us present the interest study by Petrov and Ewins [10] . They describe a method for searching for the worst frequency mistuning patterns with highest response levels. They solve the optimisation problem with the use of information about the sensitivity of maximum response levels with respect to mistuning variations. In this paper, an effective analytical method for sensitivity coefficients calculation is described. Analysis of mistuned bladed disks is also described in papers [18] [19] [20] [21] [22] . Mistuning in real constructions is a random variable. In this connection, a lot of papers are devoted to stochastic methods of analysis. This area gets a great progress now.
II. FE ANALYSIS FOR CYCLIC SYMMETRY SYSTEMS WITH

MISTUNING
Most vibration analyses of tuned bladed discs assume a model of only a single blade and it's associated segment of the disc. Often attempts are made to minimise the computation effort required to solve the mistuned assembly case and have been found to be effective tools, capable of representing the dynamics of real assemblies once their tuned system properties are known. Such approach is used in papers by Yang and Griffin [15] . Analyzing the eigenvalue problem of the system with cyclic symmetry without mistuning may be proceeded by solving the next equation:
For a cyclic symmetry system (CSS), the difference of deflection between the two boundaries of finite element [21] is given by the equation:  To analyze the CSS with a mistuning effect, the modified perturbation method was suggested in work [16] 
III. NUMERICAL RESULTS
First analysis of mistuned blisks was analysis of blisks, mistuned via discretization. One blade has more fine mesh in comparison with other blades. Due to fine mesh, one has a more flexible model of blade in comparison with other blades. Vibration characteristics of this blade are different in comparison with other blades and, thus let us obtain mistuned blisk.
In Fig. 1 one can see results of free vibration analysis of blisk with 5 blades, using BLADIS+ (Repetskiy [21] ) and ANSYS program. One can see that frequencies were changed slightly (about 0,19 %). But mode shapes were changed considerably.
Mistuning leads to clear orientation and fixation of nodal diameters relative to blisk. In one mode, the nodal diameter traverses across the mistuned blade. This blade does not participate in vibrations, and blisk frequency equals tuned. Other mode has nodal diameter, traversing the perpendicular previous case, and there is frequency change and localization. Also the "umbrella" mode has distortion in comparison with tuned blisk. Fig. 2 presents the mistuning via E-module change. This analysis was carried out in ANSYS. The authors changed Emodule by 5% for one blade. In Table 1 , there are calculated
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eigenfrequencies; they changed slightly (not more than 0,22%). The distortion of mode shapes looks like the previous case. For the case of geometrical mistuning, let us use blisk, presents in Fig. 3 . The length of one blade was changed. For tuned blisk, each group of modes has double modes with equal eigenfrequencies. For mistuned blisk, these eigenfrequencies are splitted. One of these modes does not change. For other one can see changes of frequencies (Fig.4) . Let us also obtain vibration localization even by 0,5% mistuning. With the increase of mistuning strength, there is more localization. And in case with 5% mistuning, one has the "worst case", when one blade vibrates, but other blades stay immovable.
In case of mistuning via the blade frequency increase, the "worst case" appears for the "umbrella" mode. Usually in real conditions, not only one blade has mistuning, but all blades differ from nominal eigenfrequency. Usually eigenfrequencies of blades in the set obey Gauss distribution law. Fig. 6 presents eigenfrequencies of blades under Gauss distribution.
In Fig. 7 , there are results of calculations of blisk modes and eigenfrequencies of different variants of blades location on the disk. The variant with "saw-tooth" distribution has minimal differences in comparison with tuned blisk. 
IV. EXPERIMENTAL MEASUREMENTS OF FREE VIBRATION OF MISTUNED BLISK
An experiment on the vibration analysis of the mistuned bliskmodel was conducted. The experiment was conducted in the laboratory of the Institute of solid mechanics of TU Dresden. To measure vibration characteristics, the laser scanning vibrometer PSV-400 was used. A flat impeller, having a central hole was cut on the high-precision laser equipment from sheet steel with a thickness of 2 mm. The model had 7 blades. Vibration measurements of the model without mistuning showed that the accuracy of its manufacture, and fixation did not affect vibrations, and the model is almost symmetrical (Fig. 8, a) . The experimental results are in good agreement with the results of calculations in the programs ANSYS and BLADIS+ (Table 1) .
Mistuning was introduced by joining the peripheral part of the blades of the segments of the magnetic tape. The mass of each segment was measured on electronic scales to the nearest 0.001 g.
At the beginning, the additional mass was attached to only one of the blisk blades. The measurement results showed that even a small additional mass (0.1 g) introduces significant changes in the frequency spectrum and mode shapes of the model. For example, on the 2nd form, there is a significant localization of the oscillations when only one blade vibrates, and the remaining ones are almost stationary (Fig. 8, b) . The authors investigated 2 variants, where the additional mass was added to all blades of the blisk. In the first case, the magnitude of the additional mass uniformly increased from 0.2 to 1.2 g in the circumferential direction from blade to blade (0.2-0.4-0.6-0.8-1.0-1.2). In the second case. the mass in the circumferential direction was varied as a "sawtooth" (0.2-1.0-0.6-1.2-0.4-0.8). Comparison of results showed that in the first case, there is a significant localization of vibrations in contrast to the second case. Also for the first case, the difference in frequency for the pair of mode shapes is more significant than for the second one (Table 2) . The following steps in the research must be analysis of forced vibration and fatigue life. Fig. 9 demonstrates excitation load modeling. For schematization of stresses, the authors realized a two-parameter "rain-flow" method. Fluctuating stresses are calculated for every of the most loaded points of the construction. The most possible damage zone should be chosen out of the calculated tensions; and for this zone there is the analysis of durability. For summarizing the damages, linear hypotheses are used (Palmgren-Miner, Corten-Dolan and Haibach) that allows one to use one or other hypothesis according to the situation because nowadays there is no one universal hypothesis for summarizing the damages.
The actual continuation of this work is the vibration and fatigue life analysis of the axial bladed disk (Rolls-Royce plc. [22] ), shown in Fig. 10 . 
V. CONCLUSIONS
The mentioned results of the calculations and measurements demonstrate that even very small mistuning (0,5%) leads to splitted modes and localization, when distortion of the harmonic distribution law for circumferential amplitudes of blades is observed. Nodal diameters take broken line form. In case of the set of mistuned blades, minimal mistuning impact on blisk vibration is achieved by "saw-tooth" placement of blades in the disk.
